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Injection of dilute polymer in a turbulent flow suppresses frictional drag. This challenging and
technologically important problem remains primarily unresolved due to the complex nature of the
flow. An important factor in the drag reduction is the energy transfer from the velocity field to the
polymers. In this paper we quantify this process using energy fluxes, as well as show its universality
in diverse flows such as magnetohydrodynamics, quasi-static magnetohydrodynamics, and bubbly
turbulence. We show that in such flows, the transfer from kinetic energy to elastic energy leads to
a reduction in kinetic energy flux compared to the corresponding hydrodynamic turbulence. This
leads to a reduction in nonlinearity of the velocity field that results into a more ordered flow and a
suppression of turbulent drag.
Frictional force in a turbulent flow is proportional to
square of the flow velocity [2, 3]. This steep dependence
of frictional force or turbulent drag on velocity makes it
a major challenge in aerospace and automobile industry,
as well as for flow engineering. Hence, it is an important
area of research. In this paper we address this problem in
a general framework of energy transfers and fluxes. In ad-
dition to application of energy transfers to drag reduction
in polymeric turbulence, we make an unexpected predic-
tion that magnetohydrodynamics and quasi-static mag-
netohydrodynamics too exhibit turbulent drag reduction.
We show that an inclusion of magnetic field or polymers
in a turbulent flow leads to reductions of kinetic energy
cascade rate, nonlinearity, and turbulent drag.
Past experiments and numerical simulation reported
turbulent drag reduction in solution with dilute poly-
mers (see [3, 5, 9, 11] and references therein). It is a
difficult problem due to complex physics of turbulence
and polymers. Despite many experimental and theoret-
ical attempts, we are far from consensus on the mech-
anism behind this phenomena. Researchers attribute
the following factors for the drag reduction: viscoelas-
ticity, nonlinear interactions between the polymer and
the velocity field, interactions at the boundary layers,
anisotropic stress etc. [3, 5, 9, 11]. Both, bulk and bound-
ary layer dynamics may play a significant role in drag re-
duction. Yet, researchers believe that the contributions
from the bulk probably dominates that from the bound-
ary layer [5]. Several experiments and numerical simu-
lations reveal that bubbles and surfactants too suppress
turbulent drag reduction [7].
In this paper we present turbulent drag reduction from
the perspectives of energy transfers and energy flux in
the bulk flow. In a turbulent flow forced at large scales,
the injected kinetic energy cascades to intermediate scale,
and then to small scales, where the energy flux is dissi-
pated by viscous force. In pure hydrodynamics turbu-
lence, the energy injection rate, kinetic energy flux, and
the viscous dissipation are equal, and it is denoted by
Πu [2, 3, 8, 9]. The turbulent drag is proportional to the
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kinetic energy flux.
In a turbulent flow, in the presence of magnetic field,
polymers, or bubbles, a part of kinetic energy flux is con-
verted to this elastic energy. In such flows, coiled poly-
mers act like springs; magnetic field act as taut strings;
and bubbles act as elastic spheres; hence, they posses
elastic energies. The above energy transfers lead to a
reduction in kinetic energy flux, and hence in turbu-
lent drag. In this paper we show that the above generic
process is one of the prime causes of turbulent drag re-
duction in magnetohydrodynamics (MHD), quasi-static
MHD (QS MHD), polymeric flows, and bubbly turbu-
lence.
Among a large body of work on turbulent drag reduc-
tion in polymers, works related to energy flux are quite
small in number. Recently, Valente et al. [10, 11] per-
formed numerical simulations of polymeric solution and
computed various energy fluxes. They showed a transfer
of kinetic energy to the elastic energy for a set of pa-
rameters. Using numerical simulations, Benzi et al. [12]
and Perlekar et al. [10] also analysed energy spectra and
dissipation rates of kinetic and elastic energies. In this
paper we invoke some of these numerical results for our
arguments on drag reduction in polymeric turbulence.
There are a large body of works on energy transfer
computations in magetohydrodynamic (MHD) and quasi
magnetoydsodynamic (QS MHD) turbulence [6, 8, 15–
18]. In these works, for most parameters, there is a pref-
erential energy transfer from kinetic energy to magnetic
energy. These transfers too suppress the kinetic energy
flux, that in turn decrease the nonlinearity or turbulent
drag compared to hydrodynamic turbulence. In this pa-
per we present the above results in a common framework
of energy flux.
We consider a general framework for a turbulent flow
with a field w embedded in it. At present, for conve-
nience, we assume w to be a vector, but it could also be
a scalar or a tensor. The equations for the flow are given
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2below [1–3]:
∂u
∂t
+ (u · ∇)u = −∇(p/ρ) + ν∇2u+ Fu(u,w) + Fext,
(1)
∂w
∂t
+ (u · ∇)w = η∇2w + Fw(u,w), (2)
∇ · u = 0, (3)
where u, p are respectively the velocity and pressure
fields; ρ is the density which is assumed to be unity;
ν is the kinematic viscosity; η is the diffusion coefficient
for the vector field; and Fu,Fw are respectively the force
fields for the velocity and vector fields arising due to in-
teractions among themselves. Fext is the external field
that is employed at large scales to maintain a steady
state.
Before venturing into a discussion on mixed turbulence
with u and w, we describe energy flux in Kolmogorov’s
theory of hydrodynamic turbulence (with w = 0). In
the inertial range of hydrodynamic turbulence, inj, the
energy injected by the external force Fext, cascades to
the inertial range as energy flux Πu(k) [3, 5, 9, 11]:
Πu(k) ≈
∫ kf
0
dkFext(k) ≈ inj, (4)
where Fext(k) = <[Fext(k) · u∗(k)]. This energy flux is
dissipated in the dissipative range via modal dissipation
rate Du(k) = 2νk
2Eu(k). Hence,
Πu(k) ≈ inj ≈ u ≈ U
3
d
, (5)
where u is the total viscous dissipation rate. We illus-
trate the kinetic energy flux and the viscous dissipation
in Fig. 1.
We estimate the energy injection rate by the external
force as FDU , where FD is an estimate of turbulent drag.
Hence, the above equation yields FD ≈ U2/d. Note that
the turbulent drag is determined essentially by the non-
linear term (u · ∇)u, or by the kinetic energy flux as
Πu/U .
Now for the mixed flow with u and w, both the forces,
Fu and Fw, are typically nonlinear. For example, in
MHD where w is the magnetic field, Fu = (∇×w)×w
is the Lorentz force, while Fw = (w · ∇)w represents
the stretching of the magnetic field by the velocity field.
Such interactions lead to energy exchanges among the
field variables. It is convenient to represent these trans-
fers in terms of energy fluxes. These fluxes are quite
complex, and not all of them are relevant here. In this
section we describe the fluxes associated with the velocity
field because they are important for the drag reduction.
Computation of multiscale energy transfers are quite
convenient in spectral space. The modal kinetic energy of
wavenumber k is Eu(k) = |u(k)|2/2. The evolution equa-
tion for the net kinetic energy of a wavenumber sphere
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FIG. 1. (color online) An illustration of kinetic energy flux
Πu(K), which is the net kinetic energy transferred from the
modes inside the wavenumber sphere of radius K (yellow
sphere) to the modes outside the sphere. Kinetic energy is
injected into the small red sphere of radius kf . Πu(K), which
is constant in the inertial range, is destroyed in the dissipation
range via viscous dissipation rate Du.
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FIG. 2. (color online) A fraction of kinetic energy flux is
transferred to the field w. Πu(K) is the kinetic energy flux for
the velocity wavenumber sphere of radius K (yellow sphere),
and Πw(K) is the net energy transfer from u modes inside the
sphere to all the w modes. The external force injects kinetic
energy into the small red sphere with the rate of int. The
energy fluxes are dissipated by the dissipation rates Du and
Dw. In the inertial range, Πu(K) + Πw(K) = int.
of radius K is given by the following equation [2–4]:
d
dt
∫ K
0
dkEu(k) = −Πu(K)−Πw(K) +
∫ kf
0
dkFext(k)]
−
∫ K
0
dkDu(k) (6)
where Πu(K) is kinetic energy flux arising due to (u ·
3∇)u term of Eq. (13); Πw(K) is the energy flux from u
to w due to Fu(u,w); Du(k) is the viscous dissipation
rate; and Fext(k) is the energy injection rate by Fext that
is active in the wavenumber band [0, kf ]. We illustrate
these energy transfers in Fig. 2. More details are given
in Supplemental Material [22].
For the following discussion, we assume that the flow is
statistically steady, i.e., d
∫K
0
dkEu(k)/dt = 0. For this,
in the inertial range where Du(k) = 0, Eq. (6) yields
Πu(k) + Πw(k) ≈ inj. (7)
See Fig. 2 for an illustration. For MHD, QS MHD,
and polymeric turbulence, it has been observed that
Πw(k) > 0, that is, the velocity field injects energy into
the magnetic field in MHD and QS MHD turbulence,
or to the polymers in the polymeric turbulence, or to
the bubbles in bubbly turbulence (detailed discussions
in subsequent sections). Therefore, using Eq. (26) we
deduce that for the same injection rate inj, the kinetic
energy flux in the mixture (with field w) is lower than the
corresponding flux in hydrodynamic turbulence. That is,
Πu,mixture < Πu,hydro. (8)
Since turbulent drag FD ≈ Πu/U , we expect that
FD,mixture < FD,hydro. (9)
Thus, turbulent drag is reduced in the presence of mag-
netic field, polymers, or bubbles. Quantitatively, it will
be more appropriate to compute a drag-reduction coeffi-
cient:
c =
Πu,mixture
U3/d
. (10)
Note that c ≈ 1 for hydrodynamic turbulence, and it will
be lower than unity in the presence of magnetic field or
polymers.
For magnetohydrodynamic (MHD) turbulence, the
governing equations are Eqs. (13, 14, 15) with w as the
magnetic field; Fu = (∇×w)×w is the Lorentz force;
and Fw = (w · ∇)u represents stretching of the magnetic
field by the flow [5]. The complex set of nonlinearities in
the flow yield various energy fluxes [5]. However, for the
present discussion, we need to focus only on the kinetic
energy flux, Πu, and energy flux to the magnetic field,
Πw. See Fig. 2 for an illustration.
Researchers have studied the energy fluxes Πu and Πw
in detail for various combinations of ν and η, or their
ratio Pm = ν/η, which is called the magnetic Prandtl
number. Mininni et al. [24] computed the fluxes Πu and
Πw using numerical simulations, and observed that Πw >
0, and that the kinetic energy flux Πu of MHD turbulence
is smaller than the corresponding Πu of hydrodynamic
turbulence, i.e.
Πu,MHD < Πu,hydro. (11)
Debliquy et al. [17], Kumar et al. [18], Verma and Ku-
mar [25], and other researchers arrived at similar conclu-
sions. In particular, Verma and Kumar [25] simulated
MHD shell model for Pm = 1 and showed that under a
steady state, in the inertial range, Πu ≈ 0.06± 0.02 and
Πw ≈ 0.93 ± 0.02; this result indicates a drastic reduc-
tion of kinetic energy flux in MHD turbulence. Note that,
Πw, the energy transferred to the magnetic field from the
velocity field, is responsible for the enhancement of mag-
netic field in astrophysical dynamos (e.g., planets, stars,
and galaxies) [26].
As argued in the previous section, the depleted Πu
in MHD turbulence leads to a reduction in turbulent
drag. Physically, the magnetic field makes the flow less
random (or more ordered) compared to hydrodynamic
turbulence. Therefore, we expect the turbulent drag in
MHD turbulence to be lower than the corresponding hy-
drodynamic counterpart. For a more quantitative de-
scription, it would be important to compute c of Eq. (10)
for MHD turbulence.
Quasi-static (QS) MHD turbulence, a special class
of MHD flows, has very small magnetic Prandtl num-
ber [7, 8]. Such flows are observed in liquid metals with
a strong external magnetic field. Here, the Lorentz force
is proportional to −Nu, hence it is dissipative. The
parameter N , called interaction parameter, is the ratio
of Lorents force and nonlinear term (u · ∇)u. This dis-
sipative force transfers the kinetic energy to the mag-
netic energy, which is immediately destroyed by Joule
dissipation. QS MHD turbulence models of Verma and
Reddy [28] clearly show a reduction in the kinetic energy
flux with the increase of N . This suppression of kinetic
energy flux Πu leads to reductions in the nonlinearity
((u · ∇)u) or in turbulent drag.
In addition, Reddy and Verma [29] simulated QS MHD
turbulence for a wide range of interaction parameter N .
In Table I we list the rms velocity U as a function of N
for their runs with a constant energy injection rate of 0.1
(in nondimensional unit). Here, U is measured in units
of L/T , where L, T are length and time scale of large
scale eddies. Clearly, U increases monotonically with N .
In other words, the flow becomes more and more ordered
with the increase of N that leads to reductions in nonlin-
earity and turbulent drag. It is important to note that
large U does not imply larger nonlinearity ((u · ∇)u),
which depends on U , as well as on the phase relations
between the velocity modes. The magnetic field alters
the phase relations in (u · ∇)u; suppresses nonlinearity
and drag; and produces larger U .
Turbulence plays an important role in drag reduction.
In contrast, a laminar QS MHD flow exhibits stronger
drag than its hydrodynamic counterpart (with B0 = 0).
That is, the velocity in laminar QS MHD is lower than
in laminar hydrodynamics [8, 30]. Hence, it is the sup-
pression of kinetic energy flux that is responsible for drag
reduction with magnetic field. Also note that walls play
an important role in QS MHD; these effects however are
beyond the scope of this paper.
4TABLE I. For simulation of QS MHD turbulence by Verma
and Reddy [28], root mean square (rms) velocity of the flow
as a function of interaction parameter N . The flow speed
increases with the increase of N .
N U
1.7 0.39
18 0.51
27 0.65
220 0.87
Thus, MHD and QS MHD turbulence illustrate how
inclusion of magnetic field in the flow leads to a sup-
pression of kinetic energy flux, and hence a reduction in
turbulent drag. This finding may be useful for engineer-
ing applications involving liquid metals. Next, we show
that a similar process is at work in turbulent flows with
dilute polymers.
The equations for a turbulent flow with dilute polymers
is similar to Eqs. (13, 14, 15), except that w is replaced
by a tensor field C representing a polymer. In particular,
we focus on a polymer that is represented by the finitely
extensible nonlinear elastic-Peterlin (FENE-P) model [3,
10].
In FENE-P model, Fu = ∇ · (fC) and FC = (∇u)T ·
C + C · (∇u), where f is a function of C. The tenso-
rial nature of C makes the physics more complex [3].
Yet, energetics arguments provide a schematic picture
of energy fluxes and drag reduction. These arguments
are somewhat independent of detailed dissipation mech-
anism. As described in the introduction, drag reduc-
tion in polymeric solution depends on boundary layers,
bulk dynamics, anisotropy, etc. However, as indicated
by many researchers [3, 5, 9, 11], transfers from kinetic
energy to elastic energy play a major role in drag reduc-
tion. The term Fu ·u yields ΠC > 0 (corresponding to Πw
of Eq. (6)), or a net transfer of kinetic energy to elastic
energy of the polymer. Supplemental Material [22] con-
tains a detailed description of the above equations and
terms.
Fouxon and Lebedev [1] showed that the equations
for dilute polymers are intimately connected to those
of MHD turbulence. Hence, we expect that the energy
transfers in polymeric turbulence to be similar to those of
MHD turbulence. Using numerical simulations, Valente
et al. [10, 11] analysed the energy transfers, in partic-
ular fluxes Πu and ΠC , for polymeric turbulence. The
energy fluxes Πu, ΠC depend on the Deborah number,
De, which is the ratio of the relaxation time scale of the
polymer and the characteristic time scale for the energy
cascade. A common feature among all the numerical runs
is that ΠC > 0, and that Πu is always reduced, but the
energy transfer from kinetic to elastic is maximum when
De ∼ 1. For example, Valente et al. [10] showed that for
De = 1.17, ΠC/inj ≈ 0.8 for kη > 0.2 where η is Kol-
mogorov’s wavenumber. On the other hand Πu/inj ≈ 0.1
near kη ≈ 0.2 and ≈ 0 for other wavenumbers. The
balance, 0.2inj is dissipated by viscosity. Thus, Πu is
drastically reduced in the presence of polymers.
Thus, analogous to MHD turbulence, flows with dilute
polymer also exhibit reduction in kinetic energy flux due
to the transfer of kinetic energy to elastic energy. That
is,
Πu,Polymeric < Πu,hydro. (12)
This reduction leads to a decrease in nonlinearity, and
hence turbulent drag. In bubbly turbulence, we expect
turbulence to facilitate transfers from kinetic energy to
elastic energy of the bubbles that may be treated like
elastic spheres. Researchers (e.g. [7]) argue that bubbles
induce drag reduction in turbulence due to the above
broader analogy between polymers and bubbles.
Now we summarise tour results. Turbulent drag reduc-
tion is an important problem of science and engineering.
In this paper, using a general framework, we show that
drag reduction is due to a partial transfer of kinetic en-
ergy flux to the secondary field, such as magnetic field,
polymer, or bubbles. This transfer leads to a suppres-
sion of nonlinearity. We quantify our claim using the
past results on energy fluxes in magnetohydrodynamics,
quasi-static magnetohydrodynamics, and polymeric tur-
bulence. Our results are consistent with earlier works on
drag reduction in polymer solution. This picture predicts
drag reduction in MHD and QS MHD turbulence.
The formulation presented in the paper provides valu-
able insights in the mechanism of turbulent drag reduc-
tion, as well as measures for the quantification of the
reduced drag. These results also indicate that controlled
magnetic field can be used for drag reduction in liquid
metal flows.
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SUPPLEMENTAL MATERIAL
EQUATIONS FOR THE ENERGY AND FLUXES
The flow equations with a vector field w are [1–3]
∂u
∂t
+ (u · ∇)u = −∇(p/ρ) + ν∇2u+ Fu(u,w) + Fext,
(13)
∂w
∂t
+ (u · ∇)w = η∇2w + Fw(u,w), (14)
∇ · u = 0, (15)
where u, p, ρ are respectively the velocity, pressure, and
density fields; ν is the kinematic viscosity; η is the dif-
fusion coefficient for the vector field; Fu,Fw are respec-
tively the force fields for the velocity and vector fields due
to internal interactions; and Fext is the external field at
the large scales. Using Eq. (13) we derive the following
equation for the kinetic energy density u2/2:
∂
∂t
u2
2
+∇·
[
u2
2
u
]
= −∇·(pu)+[Fu+Fext] ·u−νu ·∇2u.
(16)
In Fourier space, the corresponding equation for the
modal kinetic energy Eu(k) = |u(k)|2/2 is
d
dt
Eu(k) = Tu(k) + Fu(k) + Fext(k)−Du(k), (17)
where
Tu(k) =
∑
p
= [{k · u(q)}{u(p) · u∗(k)}] , (18)
Fu(k) = <[Fu(k) · u∗(k)], (19)
Fext(k) = <[Fext(k) · u∗(k)], (20)
Du(k) = −2νk2Eu(k), (21)
with <,= representing the real and imaginary parts re-
spectively, and q = k− p. In this paper we do not dis-
cuss the energetics of w field because the turbulent drag
reduction is related to the energy fluxes associated with
the velocity field. When we sum the above equation over
all the modes in the wavenumber sphere of radius K, we
obtain the following equation [2–4]:
d
dt
∑
k≤K
Eu(k) =
∑
k≤K
Tu(k) +
∑
k≤K
Fu(k)
+
∑
k≤K
Fext(k)−
∑
k≤K
Du(k). (22)
Physical interpretations of the four terms in the right-
hand side of Eq. (22) are as follows:
1.
∑
k≤K Tu(k) is the net energy transfer from the
modes outside the sphere to the modes inside the
sphere due to the nonlinearity (u · ∇)u.
62.
∑
k≤K Fu(k) is the total energy transfer rate inside
the sphere by the interaction force Fu(k).
3.
∑
k≤K Fext(k) is the net energy injected by the ex-
ternal force Fext (red sphere of Fig. 2 of main text).
For any K beyond the forcing band, the above sum
is the net energy injection rate inj by the external
force.
4.
∑
k≤K Du(k) is the total viscous dissipation rate
inside the sphere.
The kinetic energy flux Πu(K) is defined as the cumu-
lative kinetic energy transfer rate from u modes inside
the sphere to u modes outside the sphere. See Figures. 1
and 2 of the main text for an illustration. In terms of
Fourier modes, we compute this flux as
Πu(K) =
∑
p≤K
∑
k>K
= [{k · u(q)}{u(p) · u∗(k)}]
= −
∑
k≤K
Tu(k). (23)
Note that −∑k≤K Fu(k) represents the net energy
transfer from the u modes inside the sphere to all the
w modes due to the interacting force Fu(k). Hence we
define the corresponding flux Πw(K) as
Πw(K) = −
∑
k≤K
Fu(k). (24)
Under a steady state, for any wavenumber sphere, the
kinetic energy injected by Fext is lost due to the two flux
Πu, Πw, and the viscous dissipation rate. That is,
Πu(K) + Πw(K) +
∑
k≤K
Du(k) = inj. (25)
In the inertial range, Du(k) ≈ 0 that leads to
Πu(K) + Πw(K) ≈ inj. (26)
ENERGETICS OF MHD AND QS MHD
TURBULENCE
For MHD turbulence, w is the magnetic field, and
Fu = (w · ∇)w is the Lorentz force. In Fourier space,
Fu and the corresponding energy transfer rate are [5, 6]
Fu(k) = i{k ·w(q)}w(p), (27)
Fu(k) = <[Fu(k) · u∗(k)]
=
∑
p
−= [{k ·w(q)}{w(p) · u∗(k)}] , (28)
where q = k− p. The term inside the sum of Eq. (28)
is the mode-to-mode energy transfer from w(p) to u(k)
with the mediation of w(q), and it is denoted by
Sww(k|p|q) [5, 6]. Therefore, the corresponding energy
flux is
Πw(K) =
∑
k≤K
∑
p
Sww(k|p|q)
=
∑
k≤K
∑
p≤K
Sww(k|p|q) +
∑
k≤K
∑
p>K
Sww(k|p|q)
= Πu<w< + Π
u<
w>. (29)
In the above equation, Πu<w< represents the energy trans-
fer from the velocity modes inside the sphere (u<) to the
magnetic modes inside the sphere (w<), while Πu<w> rep-
resents energy transfers from u< modes to w> modes.
The former flux is illustrated by the central red arrow
of Fig. 2, while the latter flux by the other two ar-
rows. Numerical simulations and experiments reveal that
Πw(K) > 0. Therefore, using Eq. (26) we deduce that
Πu,MHD < Πu,hydro (30)
that leads to a drag reduction.
In QS MHD turbulence [7, 8], the corresponding force
and related energy transfer rates are
Fu(k) = −N cos2 θu(k) (31)
Fu(k) = <[Fu(k) · u∗(k)] = −2N cos2 θEu(k), (32)
where N is the interaction parameter, and θ is the angle
between the external magnetic field and the wavenumber
k. Therefore, Πw(K) takes the following form
Πw(K) = −
∑
k≤K
Fu(k) =
∑
k≤K
2N cos2 θEu(k). (33)
Hence, as argued above, the kinetic energy flux is sup-
pressed compared to the hydrodynamic turbulence.
ENERGETICS OF TURBULENCE IN POLYMER
SOLUTION
For the polymer solution, under FENE-P approxima-
tion, the force Fu and the corresponding energy injection
rate are [9–11]
Fu,i = [∇ · C]i = ∂j(fCij), (34)
Fu,i(k) =
∑
p
= [kjf(q)Cij(p] , (35)
Fu(k) = <[Fu,i(k)u∗i (k)]
= −c1
∑
p
= [kjf(q)Cij(p)u∗i (k)] , (36)
where C is the correlation tensor, and q = k− p. The
field C replaces w of Eqs. (1,2). Given the above, we
define the flux corresponding to Πw(K) of Fig. 2 of the
main text as
ΠC(K) =
∑
k≤K
∑
p≤K
−c1= [kjf(q)Cij(p)u∗i (k)]
+
∑
k≤K
∑
p>K
−c1= [kjf(q)Cij(p)u∗i (k)]
= Πu<C< + Π
u<
C>. (37)
7In the above equation, Πu<C< represents the kinetic to elas-
tic energy transfer within the sphere, while Πu<C> rep-
resents the energy transfer from the velocity modes in-
side sphere to the polymer modes outside the sphere (see
Fig. 2 of the main text). As described in the main text,
numerical simulations reveal that ΠC(K) > 0, that is,
kinetic energy is transferred to the elastic energy. There-
fore, Eq. (26) yields
Πu,Polymeric < Πu,hydro (38)
that leads to a drag reduction in the flow.
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